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ABSTRACT 

We  prove  an  0(n2)  upper  bound  for  the  number  of  separating  k-sets  in  an 
undirected  k-connected  graph  for  fixed  k.  For  fixed  k  the  upper  bound  is  tight  up  to  a 
constant  factor. 


1.  Introduction 

Connectivity  is  an  important  graph  property  and  there  has  been  a  considerable  amount  of  work  on  vertex  con¬ 


nectivity  i 


An  undirected  graph  G  =  (V,E)  is  k-connected  if  for  any  subset  V ' 


of  k-1  vertices  of  G  the  subgraph  induced  by  V-V'  is  connected* [To].  A  subset  V‘  of  k  vertices  is  a  separating  k- 
set  if  the  subgraph  induced  by  V-V'  is  not  connected.  For  k= 1  the  set  V'  becomes  a  single  vertex  which  is  called 

an  articulation  point,  and  for  k=  2,3  the  sets  V'  are  called  a  separating  pair  and  separating  triplet,  respectively. 

„<  °r  JZ- 

Efficient  algorithms  are  available  for  finding  all  separating  k-sets  in  k-connected  undirected  graphs  for  k]z3. 

J 

[Ta,HoTa,MiRa,KaRal. 


We  address-- the  following  question:  what  is  the  maximum  number  of  separating  k-sets  in  a  k-connected 

t\ 

undirected  graph?  / - - 


An  undirected  graph  G  on  n  vertices  and  m  edges  has  a  trivial  upper  bound  on  the  number  of  separating  k-sets 

f  — 

of  £  for  any  k.  The  graph  that  achieves  it  is  a  graph  on  n  vertices  without  any  edges.  For  k=\  the  maximum  _ 
number  of  articulation  points  in  an  undirected  connected  graph  is  (n-2)  and  a  graph  that  achieves  it  is  a  path  on  n 
vertices.  For  k=  2  the  maximum  number  of  separating  pairs  in  an  undirected  biconnected  graph  is  —  and  a 
graph  that  achieves  it  is  a  cycle  on  n  vertices  [KaRa2],  For  k= 3  the  maximum  number  of  separating  triplets  in  an  — 
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undirected  triconnected  graph  is  and  a  graph  that  achieves  it  is  a  wheel  on  n  vertices  [KaRa2]. 

We  will  generalize  the  result  of  [KaRa2],  to  give  an  0  (3 *n2)  upper  bound  of  the  number  of  separating  k-sets 
in  an  undirected  k-connected  graphs.  The  bound  is  worst-ca se  optimal  up  to  a  constant  factor  for  fixed  k  and  we 
will  present  a  graph  (generalizations  of  cycle  and  wheel)  that  achieves  it 

2.  Upper  bound  for  general  k 

Let  G=(V,E)  be  an  undirected  k-connected  graph  with  n  vertices  and  m  edges.  Let  g(rt)  be  the  maximum 
number  of  separating  k-sets  for  k-connected  graphs  on  n  vertices. 

Theorem  1  g  (n)  =  0  (3 kn  2)  for  fixed  k. 

Proof:  Let  V'=  {vi,v2,  •  •  ■  ,vt}  be  a  separating  k-set  whose  removal  separates  G  into  nonempty  Gi  and  G2  (see 
Figure  1). 


Figure  1. 

Separating  G  intoGi  and  G2  by  separating  k-set  (v,.  •  ■  •  ,vt) 

A  separating  k-set  (wllw2,  •  •  •  ,wt)  of  G  is  a  cross  separating  k-set  with  respect  to  V'  if  3  i,j:  w,e  G i  and 
w;e  G2.  Let  the  cardinality  of  G{  be  /  then  the  cardinality  of  G2  is  n-l-k.  Let  the  maximum  number  of  cross 
separating  k-sets  be /  ( l,n-l ).  Then  any  g(n)  that  satisfies  the  recurrence 

g(n)  =  max  f  g(/+k)  +  g(n -/)+/(/,/!-/)  +  1 

l  <  A 

is  the  upper  bound  on  the  number  of  separating  k-sets  in  G. 

1 
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Lemma  1  /(/.a-/)  S  3*(n -/-*)/ 

Proof:  Let  [wi,w2,  •  ■  •  ,w*}  be  a  cross  separating  k-set  with  {w»i,  •  •  •  .w,}  cG j,  {w/+t+1,  •  •  •  ,w*}  cG2  and 
{w1+1,  •  •  •  ,»>,+,}  c  {vt,  •  •  •  ,v*}.  The  separating  k-set  [wuw2,  •  •  •  .w*}  separates  Gt  into  G3  and  G4,  separates 

G2  into  Gj  and  G<t  and  divides  (v,,  •  •  •  ,v*}  into  (v,,  •  •  •  ,vr},  {v,«+i,  •  •  •  ,v*}  and  v,*  =  i  =  1 . t.  (see 

Figure  2) 


Figure  2. 

Separating  G  into  nonempty  components  by  separating  k-sets 
{ v i » *  * *  tV4 )  and  (tv,,  •  •  •  ,w*}. 


The  sets  {vvi,w2,  •  •  •  ,wx+(,vi,  •  •  •  ,vr),  {wj,w2,  •  •  •  ,w,+„vr+f+l,  •  •  •  ,vt),  (vj ,  •  •  •  ,vr+„wx+f+1,  •  •  ■  ,wk) 
and  {vr+1,  •  •  •  ,vk,wt^+l,  ■  ■  •  ,wt)  are  separating  sets  of  G  which  separates  G3,  G4,  G5  and  G6  respectively,  so 

their  cardinalities  are  bigger  than  or  equal  to  k.  Then, 

* 

s + t + r>k 
r+t+k-s-t2k 
s+t+k-r-C>k  => 
k-r+k-s-t>k 

We  replace  the  subscript  r  by  s  from  now  on. 

Claim  1  Vi  i  =  j+1 . t  3  x,e  nonempty  G/t  j  =  3,4, 5,6:  (v^x^eE. 


r  +  s  +  t2k 

r  =  s 

r  +  s  +  i  -k 


r  >s 
s  >r 


=> 
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Proof:  W.L.O.G.  assume  3v;:  VxeGy.  (x,v,)«£.  Then  {vj,  •  •  •  ,vl+4,w Jt  •  •  •  ,wt)  -  {v,}  is  a  separating  (k-l)-set. 


□ 

Suppose  we  have  a  separating  k-set  {wt,  •  •  ■  ,wg+,,wtH+u  ■  •  •  •••  ,«*},  where 

A  __ 

(«/♦»+-♦!  .•••.«*)  belongs  to  G6.  This  separating  k-set  separates  G6  into  G6  and  G6.  (see  Figure  3) 


Figure  3. 

Illustrating  the  proof  of  Oaim  2. 


Claim  2  is  empty. 

Proof:  Suppose  it  is  not  empty.  Then  {wJ+1,  •  •  •  ,wk,u,H^i,  •••,«*)  is  separating  set,  so  its  cardinality  must  be 
bigger  than  or  equal  to  k.  But  the  cardinality  of  this  separating  set  is  less  than  k  since  1  Sa  <Jc~s-t-l.  This  con¬ 
tradiction  proves  the  Claim. 

□ 

Claim  3  Number  of  separating  k-sets  with  [h>j  ,  •  •  •  fixed  with  at  least  one  vertex  from  (wy+,+I ,  •  ■  •  ,w* }  is 
5  2*. 

Proof:  If  there  exists  such  a  separating  k-set  different  from  (wlt  •  •  •  ,wt)  then  by  Claim  2  its  vertices  in  G2  dif¬ 
ferent  from  (wJ+,+[,  •  •  •,**)  belong  to  the  neighbors  of  •  •  •  ,wt}.  Assume  there  exists  such  a  separating 


k-set  "  "  ,w,+<+a,Uj+{+a+i , "  ‘  iMj+j+a+fcjyj+j+a+fc+i » *  '  >yk)«  where  (u*+<+«+i>  ■  ,uJ+n^+j,}c.G 5  and 

Also,  a,b  2  1  and  k-s-t-a-b  2  1.  (see  Figure  4) 


Figure  4. 

Illustrating  choice  for  cross  separating  k-set  with  {w! ,  •  •  • ,%+,)  fixed. 

Then  {wJ+[,  •  •  •  ,h',+(+<i,u,+(+<,+i,  ■  •  *  ,uI+l+a+b,y1+l+a+b+ ],  •  •  ,y*}  separates  [^j+i*a*i>  ’  "  from  the  rest  of 
the  graph,  and  cardinality  of  this  separating  set  is  less  than  k.  Hence,  if  there  are  separating  k-sets 
(w| ,  •  •  • , wJ+,+a,u,.H+a+i ,  •  ■  •  ,w»  K+tf+i.yj+f+a+i+i * '  *  *  ,y*}  then  either b  =  0  or  k—s—t—a—b  —  0. 

Assume  there  are  two  separating  k-sets:  {w!,  •  ■  •  ,w1+l+-,u1+f+-+i,  ■  •  •  ,u*J  and 

{wj,  •  •  •  ,w,.M+a,y,.M.f-+|,  •  •  •  ,yt).  Then  {wJ+.i,  •  •  •  ,wJ+l+a,uJ+r+a+i ,  ■  •  •  ,Un,y}m.a+ j,  *  •  •  ,y*}  separates 
(wx«+«+i ,  •  •  ■  ,wt}  from  the  rest  of  the  graph,  and  cardinality  of  this  separating  set  is  less  than  k.  Hence,  if  there  is 
separating  k-set  {wlt  ■  •  •  ,w,.M4<IIuf.M.f-«.if  •  •  •  ,«*}  then  there  is  no  separating  k-set 
(  W  J  ,  ’  ■  ■  ,  Wj  +/  +4  •y»*t+«+i,  ■  ‘  ■  .y*l- 

Assume  there  are  two  separating  k-sets  (wlt  •  •  •  ,w,.H4<I,u,.(.,+a+l,  ‘ ' '  .“*)  and 
{wt,  •  •  •  ,wJ+(+-^c,4(4-+1,  •  •  •  ,jc*}  where  x’s  and  «’s  belong  to  G5.  Let 

{^j*<*«*1  ,  l1*"1  (■*»♦< +a+l ,  >J>i }  =  £2-  Let  [Ug+i+e+l ,  '  "  ~  ^ 2  ~  ^ I  and  (Xr */*#<•! ,  ,Xt )  —  E 2  ~  E  j . 

Let  •  •  •  ,w*)  =D2.  If  D2  is  not  connected  to£iu£j  then  (w,,  •  ■  •  ,w,+f+<)u£2  is  a  separating  set  with 
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cardinality  less  than  jfc.  So,  D2  is  connected  to  £ iu£j.  W.L.O.G.  assume  3xe£t:(x,r)€ £,y eD2.  By  Ctaim  2  E 1 
must  be  in  the  same  set  where  Gj-£2-£3  with  respect  to  the  separating  set  {wlt  •  •  •  ,wi+(+<,x1+t+<I+i ,  •  •  ■  ,**}. 
But£t  and  D 2  are  connected  to  each  other  inG  -  {wlt  •  •  *  ,ws+,+a,xt  +<+«+i,  •••,**}  and  do  not  belong  to  the  same 
separating  component  of  G  -  {wlt  •  •  ■  jct+t+*+i*  •  •  •  ,**}.  Hence,  there  is  a  unique  («,+i+B+i.  •  •  •  ,«*}  for 
each  Z>2  such  that  (wi,  •  •  •  ,w/^+a,u,+(«+1 ,  •  •  ■  ,«*}  is  a  separating  k-set. 


The  number  of  different  D2  is 


< 


(s') 


r  n 


S2*. 


Hence,  the  number  of  separating  k-sets  with  {Wi,  •  •  •  ,ws+t]  fixed  and  with  at  least  one  vertex  from 


K-m+i.  “  •  <wk)  is  ^2*. 


D 


The  cardinality  of  the  set  of  neighbors  of  {wi+<+i ,  •  •  •  ,w*}  in  Gs  is  bigger  than  or  equal  to  s.  Divide  the  ver¬ 
tices  in  G2  into  a  collection  C  of  nonintersecting  sets  VltV2,  •  •  •  of  s  vertices  such  that  [wlt  •  •  •  ,wSH]uVi  is  a 

n—l—lc 

separating  k-set.  The  cardinality  of  collection  C  is  S - .  Hence,  the  number  of  choices  for  [wJ+(+1 ,  ■  •  •  ,w*}  is 


<,V 


n—l—k 


The  number  of  ways  {wj,  •  •  •  ,w,)  can  be  chosen  for  fixed  {wJ+1,  •  •  •  ,wt]  is  <  -j  2J,  by  the  symmetry. 
Hence,  for  the  Case  1 


/(/,«-/)  *  if*]  2*  -  IL^±, 


f(l,n-l)  <  l  ( n-l-k)£\ f|  2k~‘  <,  l  ( n-l-k )  3*. 


n 


Case  2 

For  the  cases,  when  at  least  one  of  the  G,,  i=3,4,5,6  is  empty  and  l  >k,  we  will  do  the  following  observation. 
W.L.O.G.  assume  G3  is  empty.  The  sets  {w,,>v2,  •  ■  •  ,w,+(>vr+,+1,  ■  ,v*},  {v,,  •  •  •  ,vr+„wsU+x,  ■  ■  ■  ,wt)  and 

(vr+I,  •  •  •  ,vt,wJ+<+1,  •  •  •  ,wt}  are  separating  sets  of  G  which  separates  G4,  C5  and  G6  respectively,  so  their  cardi¬ 
nalities  are  >  k.  Then, 
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r+t+k-s-tZk 
•  s+t+k-r-t2k  -> 
k-r+k-s-t2k 

* 

By  taking  g(f+24)  instead  of  g (l+k)  in  the  recurrence  ,  by  taking  g(n-l+k )  instead  of  g{n-l )  in  the 
recurrence  and  choosing  {w,+,+lt  •  •  •  ,iv*}  from  n-l-2k  and  [wltw2,  ■  •  •  ,w,}  from  l-k  in  the  recurrence  for 
n-2k  >  l  tk  we  cover  all  other  cases. 

□ 

The  solution  to  the  recurrence 

g(n)=  max  \g(l+2k)  +  g(n-l+k)  +  3*  (l-k)  (/i-f-24)] 
is  g  (n)  <,  3*  n2  -  y  3*  42.  (For  more  details  see  Appendix  1). 

□ 

Case  3  /  £  k 

For  the  case  when  !<iwe  will  do  the  analysis  in  a  different  way.  First,  among  all  separating  k-sets  choose 
one  which  maximizes  the  cardinality  /  of  G  i ,  where  /  5  k  (see  Figure  1).  Assume  that  we  have  cross  separating  k- 
sets.  By  Case  1  the  number  of  cross  separating  k-sets  when  Gh  i= 3,4,5,6  are  nonempty  is  £  3 *  /  ( n-l-k ).  If  one 
of  Gi,  <=3,4,5, 6  (see  Figure  2)  is  empty  we  have  two  cases:  case  i  when  G3  or  G4  is  empty,  and  case  ii  when  G 5 
or  G6  is  empty. 

For  case  i  W.L.O.G.  assume  G  3  is  empty.  Among  all  cross  separating  k-sets  choose  the  one  which  maxim¬ 
izes  J<k  for  the  separating  k-set  (wlt  •  •  •  ,wk }.  So,  either  {vt,  •  •  •  .vJuGs  has  cardinality  l<k  or 
G4u(vj+(+1,  ■  •  •  ,vk)vjG6  has  cardinality  7<  k.  Next  we  will  upper  bound  the  number  of  these  cross  separating  k- 
sets. 

Assume  we  have  another  cross  separating  k-set  which  uses  {w1(  •  •  •  ,ws+,}.  If  it  lies  completely  inside  either 
(vt,  ■  •  •  ,v,)uG5  whose  cardinality  Tzk  or  G4u{v,.„+i,  •  •  •  ,vt)uG6  whose  cardinality  l  <,k  then  we  can  upper 
bound  all  cross  separating  k-sets  for  G 3  empty  and  all  separating  k-sets  completely  inside  Gju{vt,  •  •  •  ,v*)  by 
g  (7+24).  Since  G4  can  also  be  empty,  to  cover  all  separating  k-sets  outside  G2u(V[ ,  •  •  •  ,vt)  we  can  upper  bound 
them  by  g(7+34).  Note,  that  it  also  covers  all  other  cases:  case  ii  and  cases  when  more  than  one  of  G,,  <'=3,4, 5, 6  is 
empty.  So,  we  need  to  show  that  all  cross  separating  k-sets  lies  within  7+24  area.  Recall  that  we  choose 


r  £  j 
s  £  r 

k2r  +  s  +  t 


=> 


r  =  s 

r  +  s  + 1  <,k 
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(*»! ,  •  •  •  ,w*}  to  maximize  /  among  all  cross  separating  k-sets. 

Suppose  3  {u,+<+i,  •  •  •  ,h*}cG2  such  that  (wj,  •  •  •  .ws+l,uJ+l+l,  ■  ■  ■  ,u*}  is  a  cross  separating  k-set  with 
(Uj+*+i»  ’us-H+dl  cGj,  >  *  ■  ■  »Mi]  cG$,  and  •  •  ■  ,irJ+/+^+^}  c  {wJ+(+i,  •  •  •  .w*}.  The 

separating  k-set  {w,,  •  •  •  ,wa+t,u,^,  •  •  •  .u*}  separates  Gs  into  G7  and  Gs,  separates  G6  into  G9  and  Gl0,  and 
divides  {wJ+(+i,  •  •  •  .wi-}  into  (w/+<+ j,  •  •  •  ,uJ+<+<},  {uJ+<+t+^+i,  •  •  •  }  and  vvJ+f+#+(-  =  u3+l+^^,  i  —  1  Sets 

{«*+i+i. '  ■  •  ,*,+,+*)  and  (u,«w+*+i.  •  •  *  ,«*}  are  nonempty,  (see  Figure  5) 

Since  {v1,v2,  •  •  •  ,v*}  is  a  separating  k-set,  for  VzeG,  and  VyeG2:  (x,y)e£.  Analogously, 
{wi,w2f  •  •  •  ,w*)  is  a  separating  k-set,  so  for  Vxe  {vltv2,  •  •  ■  .vJuGs  and 
VyeG4u{vJ+<+1,  •  •  •  ,vt]uG4:  (x,y)e£.  For  Vv,  i  *  1 . s  3xe  [w,,  •  •  •  ,w,},  3yeG4  :(vitx)e£,  ( vity)eE  other¬ 

wise  either  (v1,v2,  •  •  •  ,vx+l,wi,w2,  •  •  •  ,w,)  -  v,  or  (vi,v2,  •  •  •  ,vJ+„wJ+t+1,  •  •  •  .wj  -  v,  is  a  separating  (k-l)-set. 

Analogously,  Vvji=j+r+l . *3xeG4,  3yeG6  :  (?i,x)eE,  (vjty)e£;  Vw;  i  =  1 . k  3jc€  {v,,  ■  •  •  ,v,], 

3yeG5  :  (w,,x)e£,  (w,,y)e£;  Vw,  i  =  s+r+1 . k  3xeGs,  3yeGs  :  (w„jt)e£,  (w,,y)e£. 


Figure  5. 

Separating  G  into  components  by  separating  k-sets 
(vi.  •  •  ■  .v*},  (w,,  •  •  •  ,wt)  and  (w,,  •  •  •  ,wSM,usi.,^,  •  ■  • ,u*}. 


9 


Let  us  see  how  the  separating  k-set  [»],•••  ,wJ+,,u1+(+1 .  •  •  •  ,u*}  separates  G. 

The  sets  {vJ+f+1,  •  •  •  ,v*}  and  G4  always  belong  to  the  same  connected  component  of  G  with  respect  to  the 
separating  k-set  [wu  ■  ■  ■  ,wt+<,u,M+i,  ■  ■  •  ,uk}.  Let  {v,,v2,  •  •  •  ,v,}  =  A,  {v,.„+1,  •  •  •  ,v4}  u  G4  =B, 
{Wf+,+1,  •  •  •  =  C,  {w ',+,+«+*,•••  .w*)  =D.  Note  that  C  and  D  can  be  split  into  two  component 

G i  —  (wJ+(+ 1,  ■  •  •  ,wt+l+p }  and  C 2  =  {^s+t+p+i ,  •  •  •  ,wJ+l+t ] ,  D\  —  {wJ+l+44^+i ,  •  •  •  ,w1+< }  and 
D2  =  (w1+<+<+A+0+i,  •  ■  •  ,w*}  respectively,  by  separating  k-set  {w,.  •  •  •  ,w,+„a,+t+1,  •  •  •  ,ut).  (see  Figure  5).  We 
allow  Ci,  C2,Z)1  and  D2  to  be  empty.  Then,  the  components  of  G  -  (vvi,  •  •  •  ,H»J+t,uJ+l+i ,  •  •  •  ,u»)  are: 

Casea)A  andBuG9'uGwuG2uGiuCuD, 

Caseb)B  and  AuG9uGiouG7uGguCuD, 

Casec)AvjG7  andBuGjuGiouGjuCuD, 

Cased)AuGg  and  BuG9uG  iouG7uCuD, 

Casee)fluG9  and  AuG7uGi0uGguCuD, 

Case  0  BuG i0  and  AuG9uG7uG7uCuD, 

Case  g)  AuG7uCi  andfluG9uGiouGgu£>uC2, 

Case  h)  AuGgu£>i  andfluG9uGiouG7uCui>2, 

Case  i)fiuG9uCt  and  AuG7uG10'-|Ggu£)uC2, 

Case  j)fluGiouZ?i  and  AuG9uG7uGguCu£>2, 

Case  k)  AuG7uGg'^CluDl  and£uG9uGiouC2uZ)2, 

Case  1)  AuG7uG9uC  and  BuGguGio'oD, 

Case  m)fiuG7uG9uC  andAuGguGmuD. 

Cases  a)  and  b)  are  analogous,  so  we  will  look  only  at  the  case  a).  Since  {vIt*  •  •  ,v,}  separated  from 
G7uG8uCuD  by  {w,.  •  •  •  ,wJH,  uJ+<+1,  •■•,«*},  so  {»!,•••  ,wJ+„  u,«+1,  •  •  ■ ,  «,+,+*«.)  separates  A  from  the 
rest  of  the  graph  G.  The  cardinality  of  {w,,  •  •  •  ,ws+t,  m,+,+1,  •  •  • ,  M,+r+J+r}  is  >ky  if  and  only  if 
k-s~t-d-r<,  0,  in  other  words  (u,„+rf+r+1,-  •  •  ,uk)  is  empty.  This  contradict  the  assumption  of  the  choice  for 
{«Wi.  •  •  • .  “*)• 

Cases  c),  d),  e)  and  f)  are  symmetric,  so  we  will  look  only  at  the  case  c).  Since 
( vv i ,  .w,*,,  u,»,+ 1,  •••,«*)  separates  Gjulv,,-  •  •  ,v,}uG7  from  the  rest  of  the  graph  G,  VxeC-jufv,,-  -  •  ,vj 

and  VygCu£>,  (x,y)«£.  So,  (wi,  ■  ■  •  ,w,+(,  ,  uJ+(+rf+r}  separates  AuC7  from  the  rest  of  the  graph  G. 
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and  [uj+t+t+r*  1/  •  •  .«*}  must  be  empty  in  order  for  the  cardinality  of  this  set  be  >k.  This  again  contradict  the 
assumption  of  the  choice  for  (iq+/+1. 

Cases  g).  h),  i)  and  j)  are  symmetric,  so  we  will  look  only  at  the  case  g).  First, 

(wj,  ■  ■  ■  •  .Ws+t-H+h'Ujv+i,  ■  •  •  is  a  separating  set,  so  its  cardinality  is  2  k.  Hence, 

I Ci  I  >  the  cardinality  of  {uJ+tw+*+i.  •  •  •  ,u*}.  Second,  (ww  •  •  •  ,w/+„w1+l+1,+1 ,  •  •  •  ,w1+f+<+*,u,+, ^+h+l ,  •  •  •  ,«*} 
is  another  separating  set ,  so  its  cardinality  is  >  k.  Hence,  I C2 1  2  the  cardinality  of  («J+f+i,  •  •  •  ,u,+t+d}.  Combin¬ 
ing  these  two  inequalities  we  get  thatD  is  empty  and  I C 1 1  =  the  cardinality  of  (mj+#+j+*+i,  •••,«*},  I C  2 1  =  the 
cardinality  of  {uJ+<+I,  •  -  •  Also,  Gs  and  Gto  are  empty.  But  then  we  would  choose  either 

( w j ,  •  •  • , Wj  +<+p,uJ+<+i ,  or  (wj,  .Wj+j.Wj+t+p+i ,  <ws+t+*+htUs+t*ii+k+ 1 ,  *  ’  ■  ,t<t )  h)  maximize  / 

instead  of  (w,,  •  •  •  ,wt).  Hence,  no  {wq,  •  • •  ,wJ+„u,+(+,,  •  •  •  ,«*}  exist 

Consider  case  k).  First,  (w,,-"  ,w,+<+/Mw,+t+<,  •  •  •  ,wJ+(+<+A+<„u,+,+1 ,  •  •  •  ,uJ+(+rf)  is  a  separating  set,  so  its 
cardinality  is  2  k.  Hence,  1 C  i  I  +  IDi  I  2  the  cardinality  of  [uJ+l+d+l, +i,  •••  ,«*}.  Second, 

{wj,  •  •  •  <  ' ' '  iH'J+<+<+jk,H'J+,+4+/l+a+,i ,  •  ■  •  ,wk,ut+,+d+il+ 1,  •  •  •  ,u*}  is  another  separating  set  ,  so  its 

cardinality  is  bigger  than  or  equal  to  k.  Hence,  IC2I  +  l£>2l  >  the  cardinality  of  (uJ+,+i,  •  •  •  ,ut+tHi).  Combining 
these  two  inequalities  we  get  that  ICt  1  +  ID,  I  =  the  cardinality  of  («,+,w+a+i . u*}  and  IC2  I  +  ID2  I  =  the  car¬ 
dinality  of  {uJ+,+i,...,uJ+<+^}.  But  then  we  would  choose  either 

(W[,  •  •  ,wI+t+p,ws+l+t,  •  •  •  ,wJ+(+<+A+(,,uJ+,+[ ,  .K,+(+a)  or 

(wj,  •  •  • , wJ+l,wJ+/+.p+i ,  ■  •  •  ,w ^•ff+*+*,w».M+€+*+0+i ,  •  •  ■  .Wk.Uj+t+d+h+i ,  ■  •  ,uk)  to  maximize  /  instead  of 

(wt,  ■  •  •  ,wt).  Hence,  no  {w,,  •  •  •  ,w,+„us+l+l,  ■  ■  ■  ,uk)  exist 

Cases  l)  and  m)  are  symmetric,  so  we  will  look  only  at  the  case  l).  First, 

(wj,  •  ■  •  ,w,+(+4+At«J+,+1,  •  •  •  ,M,+(+d)  is  a  separating  set,  so  its  cardinality  is  bigger  than  or  equal  than  k.  Hence, 

the  cardinality  of  C  is  bigger  than  or  equal  to  the  cardinality  of  {wj+,+^+a+i,  •  •  •  ,n*}  and  the  cardinality  of 
(Hx-w+i .  • '  ‘  .Kj-H-m)  is  bigger  than  or  equal  to  the  cardinality  of  D.  Second, 
(w,,  ■  •  •  ,wJ+„w, ♦,+,+*+! ,  •  •  •  ,'^,k’us+i*d*h*i ,  ’  ’  •  ,«*}  is  another  separating  set ,  so  its  cardinality  is  bigger  than  or 
equal  to  k.  Hence,  the  cardinality  of  C  is  less  or  equal  to  the  cardinality  of  {us+l+d+M+ , ,  •  ■  •  ,uk)  and  the  cardinality 
of  {«,+,+,,  •  •  ■  ,ut+l+d}  is  less  or  equal  to  the  cardinality  of  D.  Combining  these  four  inequalities  we  get  that 
ICI  =the  cardinality  of  {u,*(+^+a+i,  •  •  ■  ,u*}  and  the  cardinality  of  (nJ+(+1,  •  •  •  ,wJ+(+d)  is  =  ID  I.  But  then  we 
would  choose  either  (vtq,  ,w,+,  •••  ,us+l+d]  or 
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{w  i ,  ■■  ■  • "  ‘ "  »Hk)  lo  maximize  l  instead  of  (wj ,  • 

So,  no  separating  k-set  {tv,,  •  •  •  ,w,+<,uiw+1,  •  •  •  ,«*}  exists.  Hence,  the  maximum  number  of  cross  separat¬ 
ing  k-sets  and  separating  k-sets  in  G,u{vlt  •  •  •  ,vt)  is  <>  g(l+3k).  Hence,  for  Case  2  we  get  the  following 
recurrence 


g(n)=  max f  g  ( 7+3* )  +  g  (n  -1)  +  3 k~l(n  -/-*)]  , 

IZk  J 


«,  _  1  13 

where  l  =  ma x(f,Z).  The  solution  to  this  recurrence  is  g(n)<  —  2k  n2  — 3k  k2.  (For  more  details  see  Appendix 

2). 


□ 


Combining  the  results  of  Cases  1,  2  and  3  we  get  the  upper  bound  on  the  number  of  separating  k-sets  in  a  k- 
connected  undirected  graph 

g(n)  =  OOkn2), 


and  for  fixed  k  this  bound  becomes  0  (n2). 


3.  Lower  bound 


□ 


I 


& 


1 


Let  us  now  generalize  the  wheel  graph  and  cycle  graph  [KaRa2]  for  the  lower  bounds  for  odd  and  even  k 
respectively,  (see  figure  6  ) 

Take  —  complete  graphs  on  k  vertices,  arranged  in  a  cycle.  Two  adjacent  complete  graphs  are  connected  via 
k 

k  k  k 

—  edges,  one  edge  per  vertex.  Removal  of  these  —  vertices  and  analogous  —  vertices  in  nonadjacent  complete 

k 

graph  will  separated  the  graph.  Each  of  these  —  vertices  has  only  one  edge  to  one  of  the  connected  components  of 

the  graph  after  separation,  so  we  can  replace  each  vertex  by  its  unique  neighbor  not  in  its  complete  graph.  That 

gives  rise  to  2*  factor.  Since  a  cycle  has  n  —  separating  pairs  we  get  —r  factor.  Hence,  the  number  of 

2  ki 


separating  k-sets  for  the  both  graphs  is  £2 


•>*  «* 


i 


Figure  6 

Generalization  of  cycle  for  even  k. 
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Appendix  1. 


Assume  g(n)  =  ci  3*  n2  +  c2  3*  k2.  Then  the  recurrence 

g(n)  =  max[g(l+2k)  +  g(n-l+k)  +  3*  ( l-k )  (n-l-2k] 

becomes 


Ci  3*  n2  +  c2  3*  k2  =  ci  3*  (l+2k)2  +  c2  3*  k2  +  C!  3*  (n-l+k)2  +  c2  3*  k2  +  3*  {l-k)  {n-l-2Jc). 

Ci  n2  +  c2k2  =  c  yl2  +  4c  \lk  +  4c \k2  +  2c  2k2  +  c xn2  +  c {l2  +  c  tk2  -  2c  ^ril  +  2c  \  nk  -  2c \lk  +  nl  -  kn  -  l2  +  kl  -  2lk  +  2k 
0  =  /2  (2c !  -  l)  +  ln(l-2c1)  +  tt(2ci  -  l)  +  mk(2c1  -  1)  +  k2  (5c,  +  c2  +  2). 

Setting  c  1  =  j  we  get 


So,  g(n)  <,  -i-  3*  n2  -  y  3*  k2. 


0  =  k2  (|  +  c2). 


□ 


Appendix  2. 

Assume  g(n)  =  ct  3*  n2  +  c2  3*  fc2.  Then  the  recurrence 


g(n)  =  max  g(l+3k)  +  g(n-l)  +  3l  l  (/!-/-*)) 

f  £k  \  J 


becomes 


ci  3*  n2  +  c2  3*  i2  =  ci  3*  {l+3k)2  +  c23k  k2  +  c\  3k  (n-l)2  +  c2  3*  k2  +  3*  /  (n-l-k). 


ci  n2  +  c2k2  =  c  1  l2  +  6c  ilk  +  9c,*2  +  2c2*2  +  cxn2  +  c^l2 -2xnl  +  nl  -  l2  -Ik, 


0  =  /2(2c,  -  1)  +  n/(l  -2,)  +  /*(6c,  -  l)  +  *2(9ct  +c2). 


Since  l  <  £  and  setting  c  1  =  — ,  we  get 


0  =  A2(^-  +c2) 


So,  g  (n)  <  3*  n2  -  3*  k2. 


